
Stochastic Modelling and Comparison of

Two Pension Plans
by

Zetong Li

B.Sc., Tsinghua University, 2014

Project Submitted in Partial Ful�llment of the



Approval

Name: Zetong Li

Degree: Master of Science (Actuarial Science)

Title: Stochastic Modelling and Comparison of Two
Pension Plans

Examining Committee: Chair: Tim Swartz
Professor

Ms. Barbara Sanders
Senior Supervisor
Assistant Professor

Dr. Gary Parker
Co-supervisor
Associate Professor

Dr. Yi Lu
Internal Examiner
Associate Professor

Date Defended: 19 April 2017

ii



Abstract

In this project, we simulate the operation of a stylized jointly sponsored pension plan

(JSPP) and a stylized de�ned contribution (DC) plan with identical contribution patterns

using a vector autoregressive model for key economic variables. The performance of the

two plans is evaluated by comparing the distribution of pension ratios for a speci�c cohort

of new entrants. We �nd that the DC plan outperforms the JSPP in terms of expected

pension ratio, and experiences only a moderate degree of downside risk. This downside risk

is not enough to outweigh the upside potential even for a relatively risk-averse member, as

re�ected in the expected discounted utility of bene�ts under the two plans. Under more

sophisticated rate stabilization techniques, the probability that the DC plan outperforms

the JSPP increases. When the bond yield and stock return processes begin from values far

above their long-term means (not far below, as is the case today), the DC plan is projected

to outperform the JSPP even more frequently, because the higher required contributions

accrue to the advantage of the individual member only, instead of also �nancing bene�ts

for others.

Keywords: Pension Plan Comparison; Jointly Sponsored Pension Plan; Stochastic Simu-
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Chapter 1

Introduction

1.1 Background and Motivation

Over the past few decades, occupational pension coverage has shifted from traditional de-

�ned bene�t (DB) plans towards de�ned contribution (DC) pension plans in many countries.

Factors contributing to this shift include increasing labor mobility, sustained problems with

DB underfunding, and regulatory changes (Broadbent et al., 2006). For voluntary employer

pensions, the shift towards DC pension plans was most pronounced in the U.S.. In Australia,

where occupational pensions are mandatory, DC plans now cover most of the workforce.

Canada was less a�ected by the shift, with most large public sector plans remaining DB.

However, even in the public sector "some interest groups are pressing hard to convert their

pension plans from DB to DC" (Brown and McInnes, 2014, p. 3).

DC plans provide portability and investment �exibility during the accumulation phase,

but leave members with signi�cant uncertainties in the decumulation phase. In most mod-

ern DC plans, members are responsible for making their own investment decisions. Whether

these plans can provide an adequate income in retirement is thus linked to members' �nan-

cial literacy, which is generally lacking. According to Brown and McInnes (2014), "while

successful at vastly increasing DC pension coverage, the Australian program has been less

successful at reducing poverty in seniors and displays on a large scale the problems associ-

ated with individually controlled savings plans" (p. 20). In the U.S., average pensions from

DC plans fall short of the average bene�ts payable under DB plans.

Financial markets have also changed greatly. DC plan members with large allocations



DC plan for faculty members for over 40 years. Now that the plan is mature and members

are beginning to retire in signi�cant numbers, they are �nding that the bene�ts provided

are inadequate. To provide faculty members with more predictable bene�ts at a better

price, the SFU Faculty Association is considering switching from the current DC plan to

the B.C. College Pension Plan, a jointly sponsored pension plan (JSPP). According to

Kristjanson and Darrach (2012), a "JSPP is a contributory, de�ned bene�t pension plan in

which all contributing stakeholders and plan members have decision making and funding

responsibility" (p. 2). JSPPs are unique in their funding structures, where employees

and employers both have potentially unlimited risk and share it equally. Most JSPPs are

governed by boards of trustees or directors, and are frequently used by hospital associations

and public sector unions in Canada.

As suggested in the report prepared by PBI Actuarial Consultants Ltd. (2015), the

College Pension Plan is able to mitigate risks, including investment risk, in�ation risk and

longevity risk, and provide a more certain retirement income. It also has the advantage of

low management and administration expenses. The report contains a number of compar-

isons that approximate the retirement income members could receive depending on their

current age and retirement age under various return scenarios. In most scenarios, the Col-

lege Pension Plan tends to outperform the current plan. Most members, except for those

with strong �nancial literacy skills, would be better o� in the College Pension Plan that

removes much of the investment risk and provides a predictable pension bene�t.

One limitation of the PBI report is that all assumptions are deterministic. Without

accounting for the volatility in future salary increases, in�ation, investment returns and

annuity purchase rates, the comparison lacks an important dimension: risk. This a�ects

both options: in terms of bene�t volatility under the current DC plan, and contribution

volatility under the College Pension Plan. Our motivation is to extend the work done by

PBI to a stochastic context and compare the value of the two plan options to a particular

cohort of new entrants. We focus on new entrants exclusively because, if SFU were to join

the College Pension Plan, enrollment would be mandatory for new employees, while existing

faculty members would have the option to stay in the current DC plan.

In order to stochastically simulate the operation of the two plans, we need an asset

model to generate future economic scenarios. In dealing with economic variables, often the

value of one variable is not only related to its predecessors in time, but also depends on past

values of other variables. Consequently, we choose a vector autoregressive (VAR) model,

which assumes a linear relationship between multiple economic variables, and predicts future

values based on linear functions of past observations. In a VAR model, there aren state

variables and n equations to express the relationship between each variable and its own

lagged values, as well as current and past values of the remainingn � 1 variables.

A reasonable performance criterion to evaluate alternative pension plans with compara-

ble contribution levels is the pension ratio: the ratio of bene�ts under one plan to bene�ts
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under the other. We use the value-at-risk (VaR) of the pension ratio to assess how often the

SFU plan can deliver the same or better bene�ts as the College Pension Plan. In addition,

we use expected discounted utility to perform a welfare comparison of bene�ts under the

two schemes. Expected utility theory has been used as a major paradigm in decision making

problems (Schoemaker, 1982). It serves as the second performance criterion in our study,

and provides additional evidence about whether the representative cohort would bene�t

from joining the College Pension Plan.

1.2 Literature Review

Most of the actuarial literature relating to quantitative comparisons of alternative pension

plans focus on pure DB and DC plans. Samwick and Skinner (1998) used a detailed survey of

pension formulas in the Survey of Consumer Finance to estimate the average pension bene�t

for a sample of both plans. They found that DC plans could strengthen the �nancial security

of retirees, and their conclusion was robust to a number of speci�cations. However, the paper

was written in a period when stocks provided high returns. Also, some key variables used in

the analysis, such as annuity purchase rate, were �xed and did not anticipate the downward

trend in long term interest rates. Their �ndings might be very di�erent today.

Blake, Cairns and Dowd (2001) investigated a range of stochastic asset return models

and asset allocation strategies, to estimate the distribution of future pension ratios (i.e., ra-

tios of DC pension to DB pension). They explored the dynamics of interest rates, earnings,

unemployment and asset allocation. The application of the well-established risk measure,

value-at-risk, provided a simple and practical-to-implement methodology to evaluate alter-

native pension plans. The conclusion was that DC plans can be extremely risky relative to a

DB benchmark. Value-at-risk estimates were most sensitive to the choice of asset-allocation

strategy, and less sensitive to the choice of asset model. Asset models used in this paper

included the Wilkie (1986) model, which was the �rst stochastic model for use by actuaries

that incorporated a cascade structure, where each variable depends only on prior values of

that variable and the values of variables that lie above them on the cascade structure. Un-

der this structure, once a variable is appropriately calibrated, the calibration of subsequent

variables lower on the cascade structure will have no impact on the previously calibrated

variables.

Blake, Cairns and Dowd (2003) compared alternative decumulation strategies, including

a conventional life annuity, an equity-linked annuity, and an equity-linked income distribu-

tion programme. To measure the performance of di�erent strategies, they calculated the

plan member's expected discounted lifetime utility. This framework captured an individual's

attitude towards risk, and allowed the authors to optimize asset portfolios by maximizing

the utility function. They concluded that the optimal choice of distribution programme

3







Chapter 2

Economic Scenario Generator

2.1 The VAR Model

As in Heidelberg (2005), we model the return dynamics by a �rst-order VAR model,

zt+1 = � zt + P � t+1 (2.1)

wherezt is a (5� 1) vector of centered state variables and� t+1
i:i:d� N (0; I ) is a (5� 1) vector

of innovations. More precisely,

zt = x t � � (2.2)

wherex t is the (5� 1) vector of original state variables and� is the vector of their historical

means. By subtracting � , we rule out the intercept term in the VAR model, as well as

estimation inaccuracy on it. � and P are both (5� 5) matrices. � contains the autoregressive

coe�cients of the VAR model and P is the Cholesky decomposition of the covariance matrix

� for residuals. In other words,P is a lower triangular matrix and satis�es

PPT = � : (2.3)

2.2 Data and Parameter Estimation

The state variables that enter the VAR model include price in�ation, 1-month interest

rate, 10-year zero-coupon bond rate, stock return from the Toronto Stock Exchange (TSX)

index, and stock return from the Standard & Poor's 500 (S&P 500) index. We express

the S&P 500 index in Canadian dollars to rule out �uctuations in currency exchange rates,



Bank of Canada adopted an in�ation-control target in 1991, which "aims to keep total CPI

in�ation at the 2 per cent midpoint of a target range of 1 to 3 per cent over the medium

term" (Bank of Canada, n.d.). Data is available from the following sources:

� Values of the consumer price index with base year 2002, considering all of Canada

and not excluding any items are retrieved from CANSIM table 326-0020. The force

of monthly in�ation in month t is de�ned as:

~� t = ln
CP I t

CPI t � 1
; (2.4)

where CP I t is the value of the index at the end of montht.

� The yield on 1-month Canadian treasury bills in month t (i 1
t ) is retrieved from CAN-

SIM table 176-0043, where it is quoted as an annual e�ective rate. The corresponding

monthly force of interest on 1-month treasury bills is de�ned as:

~y1
t =

1
12

ln(1 + i 1
t ): (2.5)

� The yield curves for zero-coupon bonds with terms to maturity ranging from 3 months

to 30 years are available from the Bank of Canada on a daily basis. The 10-year bond

yield observed on the �rst trading day of month t (i 120
t ) is used as a proxy for the

long-term interest rate. The 10-year bond yield at the beginning of montht, expressed

as the force of interest, is de�ned as:

~y1rdalSJ/F22 7.9701 Tf -0.3921-7.201 Td [(t)]TJ/F18 10.9091 Tf 46.62422.697 Td [(=)]TJ 15.438 7.38 Td [(1)]TJ
ET
q
1 0 0 1 302.285 439.494 cm
[]0 d 0 J 0.398 w 0 0 m 10.909 0 l S
Q
BT
/F18 10.9091 Tf 302.285 439.726 Td [(t2)]TJ/F21 10.9091 Tf 12.104 7.4834Td [(l)-20(n)]TJ/F18 10.9091 Tf 10.018 0 Td [((1)-222(+)]TJ/F21 10.9091 Tf 23.031 0 Td [(i)]TJ/F19 7.9701 Tf 3.758 4.504 Td [(1)0
t )



continuously compounded monthly total return on U.S. equities during month t as:

~� U
t = ln

h SEI t

SEI t � 1
+

SDYt

12

i
; (2.8)

whereSEI t is the value of the S&P 500 equity index at the end of montht and SDYt

is the annual dividend yield on the S&P 500 in respect of montht.

Figure 2.1 shows historical data for these �ve variables converted to annual scale. While

bond yields depend greatly on past values and suggest strong auto-correlation, there is no

signi�cant pattern for in�ation rates and equity returns. Current interest rates are at a

historically low level. Summary statistics of historical data can be found in Table 2.1 panel

(a).
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Figure 2.1: Historical data of the VAR model
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Panel (b) and (c) in Table 2.1 show estimates of� and P with p-values in parentheses,

obtained by using the R packagevars. In�ation appears to be weakly related to Canadian

equity returns besides its own lag, but the correspondingR2 (0.0551) is very low. Stock

returns have even less relationship to lagged variables; with anR2 of 0.0335 and 0.0027, and

no signi�cant autocorrelations, these returns more or less follow white noise processes with

highly correlated innovations. Panel (c) also con�rms that stock returns have the highest

volatility. Interest rates are mostly explained by their own lagged values, and the volatility

of short term yield is higher than the volatility of the long-term yield.

When we �t the VAR model, an important assumption is that the process is stationary,

that is, its statistical properties such as mean and autocovariances are �xed and do not

change over time. Stationarity is crucial for being able to describe the stochastic behavior

by the simple VAR model and to estimate the parameters. As introduced in Heidelberg

(2005), the stationarity condition for a VAR( 1) model requires all eigenvalues of� have

modulus less than 1. Here the absolute values of the eigenvalues are 0.9892, 0.9317, 0.1453,

0.1453 and 0.0266. Since they are all smaller then one, the stationarity condition is satis�ed.

Table 2.1: Summary statistics and VAR estimation results

a) Summary statistics ~� t ~y1
t ~y120

t ~� C
t ~� U

t
� 0.0015 0.0026 0.0040 0.0066 0.0076
� 0.0034 0.0017 0.0017 0.0420 0.0365

b) VAR estimates (� ) ~� t ~y1
t ~y120

t ~� C
t ~� U

t R2

~� t+1 0.1415 0.1116 -0.1101 0.0157 -0.0107 0.0551
(0.0154) (0.6183) (0.6206) (0.0066) (0.1017)

~y1
t+1 -0.0005 0.9510 0.0300 -0.0001 0.0001 0.9724

(0.9200) (0.0000) (0.1170) (0.8730) (0.8750)
~y120

t+1 0.0009 0.0239 0.9707 -0.0002 -0.0001 0.9876
(0.7795) (0.0675) (0.0000) (0.5683) (0.7798)

~� C
t+1 -0.1494 -2.9637 3.2773 0.1226 0.0725 0.0335

(0.8383) (0.2938) (0.2427) (0.0911) (0.3809)
~� U

t+1 -0.0491 -0.7141 1.4017 -0.0038 0.0328 0.0027
(0.9390) (0.7740) (0.571500.7740)

b) Vcess(pro306(AR)-334(4stimates)-3 Td [(~)]TJ/F291.788091 Tf 21.095 0 Td [(P)]TJ/F18.51.9091 Tf 7.879 0 Td [())]TJ
ET
q
1 02151)-66.551 365.288 cm
[]0 d 0 J 0.398 w 0 0 m 0 13.813 l S
Q
BT
/F18 10.90921Tf 892.051 418.616 Td [(~)]TJ/F21 10.9091 Tf -0.455 -2.879 Td [(�)]TJ/F22 7.9701 Tf 6.364 -1.636 Td [(t)]TJ/F18 10.9091 Tf 44.576 1.636 Td [(~)]TJ/F21 10.9091 Tf -0.749 0 Td [(y)]TJ/F19 7.9701 Tf 5.74 3.959 Td [(1)]TJ/F22 7.9701 Tf -0.392 -6.656 Td [(t)]TJ/F18 10.9091 Tf 37.676 2.697 Td [(~)]TJ/F21 10.9091 Tf -0.749 0 Td [(y)]TJ/F19 7.9701 Tf 5.74 3.959 Td [(120)]TJ/F22 7.9701 Tf -0.392 -6.656 Td [(t)]TJ/F18 10.9091 Tf 51.207 2.697 Td [(~)]TJ/F21 10.9091 Tf -0.578 0 Td [(�)]TJ/F22 7.9701 Tf 6.61 3.959 Td [(C)]TJ -0.392 -6.656 Td [(t)]TJ/F18 10.9091 Tf 45.124 2.697 Td [(~)]TJ/F21 10.9091 Tf -0.578 0 Td [(�)]TJ/F22 7.9701 Tf 6.61 3.959 Td [(U)]TJ -0.392 -6.656 Td [(2)]TJ/F18 8 13 0 -8.2Tf 44.576 1.637 Td [(~)]TJ/F21 10.9091 Tf -0.455 -2.879 Td [(�)]TJ/F22 7.9701 Tf 6.364 -1.6Td [())]TJ
ET
q
1 019453,26.551 351.475 cm
[]0 d 0 J 0.398 w 0 0 m 0 13.813 l S
Q
BT
/F17 10.909 Td.4Tf 45.12.401730500.3809)~y1
)~y120
)





The continuously compounded 10-year spot rate applicable at the end of yeart (month

12t), expressed as an annual rate, is denoted byy120
t and is obtained directly from the

simulations:

y120
t = 12~y120

12t : (2.13)

Let P (n)



Figure 2.2: Simulation results
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Chapter 3

Simulation of Stylized Jointly

Sponsored Pension Plan (JSPP)

In this chapter, we �rst introduce the College Pension Plan. Our goal is to simulate the

operation of a plan similar to the College Pension Plan with certain simpli�cations. General

assumptions and notation are presented in section (3.2), which are followed by features of

the stylized JSPP in section (3.3). To investigate the impact of rate stabilization techniques,

we describe two alternative designs in section (3.4).

3.1 BC College Pension Plan

British Columbia's public sector pension plans (BC plans) include the College Pension Plan,

the Municipal Pension Plan, the Public Service Pension Plan and Teacher's Pension Plans

(Municipal Pension Plan, n.d.). They are pre-funded so each generation pays in advance

for its own pension bene�ts. Costs and risks are shared between employees and employers.

A basic element of each of these plans is that guaranteed pensions are based on a DB

formula using the member's pensionable service and salary. Another element is in�ation

protection. This is not a guaranteed bene�t and is provided based on the availability

of funds. Contributions may change depending on the funded status of the plan. Each

plan uses the BC Investment Management Corporation as its investment agent, which

provides sophisticated and low-cost investment management of the funds. The total cost of

investment management and pension administration for the plans is about one quarter of

one per cent.

The College Pension Plan, designed almost 50 year ago, is by far the smallest of the four

BC's public sector pension plans. It maintains retirement bene�ts for around 25,000 senior

administrators and faculty providing educational services at 23 BC colleges and universities.

In 2000, the College Pension Plan shifted from government sponsorship to joint sponsorship

and trusteeship. The plan is funded by employee and employer contributions, and under

14



the new model risks are shared equally by the two parties. The joint trust agreements

require that contribution rates and bene�ts be reviewed triennially based on an actuarial

valuation. The features described below are from College Pension Plan 2015 Annual Report

(College Pension Plan [CPP], 2016a), College Pension Plan Funding Policy (CPP, 2016b),

and College Pension Plan Statement of Investment Policies and Procedures (CPP, 2016c).

1. Demographic Pro�le:

Plan membership consists of 13,807 active members who are currently contributing

(54% of the membership); 5,170 inactive plan members who have terminated their

employment but left their bene�ts in the plan (20% of the membership) and 6,453

retired plan members who are receiving a pension, including a survivor or disability

pension (26% of the membership).

2. Contributions:

Both plan members and employers pay contributions to fund future pension bene-

�ts; plan members contribute through automatic deductions from their employment

earnings. A portion of these contributions goes to the basic account, which covers

members' basic pensions; another portion goes to the in�ation adjustment account,

which covers cost-of-living adjustments (COLAs). Table 3.1 is a summary of contri-

bution rates as a percentage of salaries from the College Pension Plan 2015 Annual

Report.

Table 3.1: College Pension Plan contribution rates

E�ective Date
On salary up to YMPE 1 On salary over YMPE
Member Employer Member Employer

January 1, 2016 9:86% 9:96% 9:86% 9:96%
September 1, 2013 9:60% 9:70% 10:35% 10:45%

1 YMPE = Year's Maximum Pensionable Earnings, the maximum earnings on which Canada Pension Plan
contributions are made.

3. Asset Allocation and Investments:

When members retire, their pension is funded by their own contributions, their em-

ployers' contributions and investment returns. Based on current assumptions, approx-

imately 30 cents of every dollar a retired member receives come from contributions

they made and their employer made; the remaining 70 cents come from investment

returns. To achieve the objective of meeting the pension bene�ts promise, the Board

has adopted the long term asset mix and allowable ranges as shown in Table 3.2.

Diversifying investments is a sound way to balance investment risk while generating

returns, especially in a global economy where turbulence is not uncommon. In the

last three years, College Pension Plan investment portfolio earned 7.3% net of fees for

15



the �scal year 2014/15, 17.5% for 2013/14, and 10.3% for 2012/13, which all exceeded

the market benchmark.

Table 3.2: College Pension Plan asset mix: allowable ranges and long term policy

Asset Class
Allowable Range (%) Long Term Policy
Minimum Maximum Asset Mix(%)

Short Term 0 10 2
Mortgages 0 10 5
Nominal Bonds 5 17 10
Real Return Bonds 0 10 5
Fixed Income Sub-total 12 35 22
Canadian Equities 8 18 13
Global Equities 17 29 22
Emerging Markets 4 14 9
Public Equity Sub-total 35 55 44
Real Estate1 11 23 18
Real Estate Sub-total 11 23 18
Private Placements1,2 1 11 6
Infrastructure and Renewable Resources1,2 5 15 10
Sub-total 7 22 16
Other3 0 5 5

1 Due to the illiquid nature of these assets, the upper limit may be exceeded on a temporary basis.
2 Private Placements may be either debt or equity.
3 �Other� includes strategies or investments speci�cally approved by the Board that do not correspond to
the listed asset classes.

4. Basic Pension:

The College Pension Plan provides members or their bene�ciaries with a basic lifetime

pension bene�t based on highest average salary and years of service. Here "highest

average salary" means the average annual salary earned by a member during the 5

years of pensionable service in which the salaries were highest. Normal retirement age

is 65 for all members. The unreduced guaranteed bene�t is calculated in the form of

a single life annuity guaranteed for 10 years:

2%� �ve-year highest average salary� total pensionable service (years).

5. Cost-of-living Adjustments (COLA):

Cost-of-living Adjustments to pensions in pay are managed through a separate in�a-

tion adjustment account. Future increases are not guaranteed; however, once granted,

COLA becomes part of the members' basic lifetime pension. On January 1, 2015, re-

tired members received a COLA of 1.83 per cent. The COLA cannot exceed the

16







Next, we introduce some notation. We let:

� e be the entry age,

� r be the retirement age,

� l be the life expectancy at time of retirement,

� r P
t



where FASx;t;k is the average annual salary earned by a member during the last 5 years of

pensionable service:

FASx;t;k =
1
5

(Salr � 1;r � e+3 k� 1;k + Salr � 2;r � e+3 k� 2;k + Salr � 3;r � e+3 k� 3;k

+ Salr � 4;r � e+3 k� 4;k + Salr � 5;r � e+3 k� 5;k );
(3.4)

and the age at entry, e, is equal to x � (t � 3k).

Note that we have replaced highest average salary with �nal average salary. This is a

reasonable simpli�cation, since 97% of the simulated salary increase rates are positive and

the minimum value is no lower than -4%, so �nal average salary is almost identical to the

highest average salary used by the College Pension Plan. Total bene�t payments made from



3.3.2 Assets

The asset allocation is designed to re�ect the characteristics of the College Pension Plan

using the state variables available in the VAR model. As Table 3.2 suggests, real estate,

private placements, infrastructure and renewable resources are considered illiquid, thus we

only include �xed income and public equity in the asset portfolio. Note that we use an

index to model equity returns while the actual fund adopts active management which has

outperformed the index. In this case, our assumption is more conservative.

Since short-term bonds only make up a small percentage of the portfolio, we let the

entire �xed income allocation of the stylized JSPP consist of 10-year bonds only, with a

weight of 35% of the total portfolio ( � 22%
22%+44%



3.3.3 Valuation Assumptions

The assumptions we need for each valuation are future valuation rates and future salary

increases. These vary at each time point under each scenario. We setyV
t , the funding

valuation rate at time t, as the expected return on assets (EROA t





Newly emerging unfunded liabilities are amortized by special payments spread over 15

years from each valuation date. Total contributions in this case are equal to the total normal

cost plus special payments.

When there is a gain since the last valuation, we apply the gain to reduce the previously

established special payments proportionally. In the case that there is a surplus after re-

moving all previously established special payments, we allocate up to 5% of the net liability

to a bu�er required under the BC pension regulations and refer to the remaining surplus,

if any, as "usable surplus". We determine two possible contribution reduction amounts by

amortizing the usable surplus over a 15-year period and over a 25-year period. We establish

the minimum contribution rate as the normal cost less the 15-year amortization of sur-

plus. We also establish the maximum contribution rate as the normal cost less the 25-year

amortization of surplus. We then apply the following algorithm.

1. If the contribution rate determined in the last valuation is lower than the minimum

contribution rate determined in the current valuation, then the rate should be in-

creased to be equal to the minimum contribution rate, resulting in 15-year amortiza-

tion of the usable surplus.

2.





emerging in the early years, generates additional surplus whenever the rate of return on the

pension fund is positive. The absence of these "gains" under JSPP3 means slightly higher

contributions in the long run. Since our stylized plan starts from a position without any

surplus, a portion of the early gains under JSPP1 and JSPP2 goes to build up the rate

stabilization reserve, which bene�ts later cohorts. This represents a value transfer from

early cohorts to later cohorts, which does not occur under JSPP3. Those who join JSPP3

early bene�t from investment gains through the reductions on their contributions; those

who join the plan 30 years from now are required to make more contributions, compared to

members with same ages but under JSPP2.
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3. Retirement Dates:

Normal retirement dates are the �rst day of September following a member's 65th

birthday. Early retirement is allowed on the �rst day of any month after attained age

55.

4. Bene�ts on Retirement:

Members can apply their accumulated funds to the purchase of an annuity, or move

their account balance to another registered plan.

4.2 Stylized DC Plan

In line with the SFU plan, our stylized DC plan sets up an individual account for each

plan member, and applies the balance, consisting of the accumulated contributions and

investment earnings, to purchase a guaranteed annuity at the member's retirement date.

However, instead of contributing a �xed percentage of salary, we assume contributions to

the DC account are made at the same rates as to our stylized JSPP. That is, contribution

rates can �uctuate from year to year and scenario to scenario.

4.2.1 Contributions

Annual contributions are made to the DC account as a percentage,ct , of a member's annual

salary, wherect is as in the stylized JSPP. We also apply the same investment strategy as

under the stylized JSPP with annual portfolio return r P
t on [t � 1; t).

4.2.2 Pension Bene�ts

The DC plan member uses the accumulated account value to purchase a guaranteed annuity

from an insurance company upon his retirement. To project annuity purchase rates appli-

cable in future years, we refer to the work of the CIA Committee on Pension Plan Financial

Reporting (PPFRC). Every quarter, the PPFRC issues guidance regarding the "appropri-





Figure 4.1: Relationship of annuity purchase rate and bond yields

Source: Statistics Canada. CANSIM series V39062. Table 176-0048: Bank of Canada, money
market and other interest rates, daily; Canada; Government of Canada marketable bonds, over 10
years. http://www.bankofcanada.ca/rates/interest-rates/lookup-bond-yields/ . Accessed
October 9, 2016.
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Chapter 5

Performance Evaluation

5.1 Comparison Criteria

We investigate the performance of the two pension plans for identical twins. One twin joins

the stylized JSPP, makes varying contributions to the fund, and collects guaranteed bene�ts

after retirement; the other twin follows the same contribution pattern, manages the money

in his own account, and transfers the accumulated savings to purchase an annuity certain

with the same period as his sibling's pension bene�t. Both twins are assumed to be 30 years

old at entry with annual salary of $70,000.

We use two metrics to compare outcomes. The �rst uses the pension ratio, which is the

ratio of DC pension to JSPP pension. Unlike in Blake, Cairns and Dowd (2001), the bene�ts

under our JSPP1 and DC1 are directly comparable because they have the same contribution

patterns. Our simulations generate an empirical distribution of possible pension ratios. The

values of the pension ratios range from 0.40 at the lower end to 6.24 at the upper end. To

make a comparison, we apply value-at-risk, which is widely used in studying tail risks. We

specify one or more percentiles from our distribution, and compare these values with a

target pension ratio of 1. The i th



where Cont is the consumption at time t. Prior to retirement, the twins have the same

salary and the same contribution patterns, so their consumption is the same. Therefore,

we only need to consider consumption during the retirement years, which is the annual

pension paymentB . The parameter  represents the constant relative risk aversion level.

We choose a relatively conservative = 5 which implies that "workers are ready to pay as

much as 2.4% of their wealth to eliminate a �fty��fty risk to gain or loose 10% of their

wealth" (Gollier, 2008).

The expected discounted utility of bene�ts is:

Er � e(U) = E
h l � 1X

t=0

e� �t u(B̂ )
i
; (5.2)

where � is the individual's time preference rate chosen as 0.04 following Cui et al. (2011),

and B̂ is the bene�t received at time t, adjusted for the e�ect of in�ation during the mem-



5.2 Numerical Results: Benchmark Comparison

We �rst look at the benchmark case (DC1 versus JSPP1). Value-at-risk statistics are in the

�rst row of Table 5.2 panel (a). On average, the DC twin receives 1.59 times the retirement

pension of his JSPP twin. If we want a reliable indicator of how risky the DC plan can be,

we can look at the 5% quantile which is 0.8564. It indicates a 5% chance that the pension

ratio will be less than 86%. However, as the required con�dence level decreases, the DC

plan becomes more attractive. For example, if we take the 75% con�dence level, then the

DC plan outperforms JSPP. The con�dence level at which the DC twin's pension is the

same as the JSPP twin's (i.e., a VaR of 1) is 88.07%. In conclusion, whether or not the DC

plan is more competitive than the JSPP will depend on the choice of VaR con�dence level.

The expected discounted utility summarized in Table (5.2) panel (b) supports that,

with the same contribution pattern, the DC plan can be a better choice from a welfare

perspective, based on the assumed risk tolerance of the twins. Note that the choice of time

preference rate,� , does not a�ect the ordering of the pension plans because the bene�ts are

�xed after retirement, so the terms relating to � can be factored out of the expected value:

Er � e(U) = E
h l � 1X

t=0

e� �t u(B̂ )
i

= E
h
u(B̂ ) � •al j �

i

= •al j � � E
h
u(B̂ )

i
:

(5.6)

As a result, changing� changes the expected discounted utility of both options by the same

proportion.
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5.3 Numerical Results: Alternative Designs

To recap, we display the alternative JSPP and DC designs in Table 5.1. From DC1 to

DC2, the annuity purchase capacity is improved with higher valuation rates. From JSPP1

to JSPP2, asset values experience more volatility. From JSPP2 to JSPP3, surplus in the

valuation is amortized sooner and more completely.

Table 5.1: Comparison of alternative DC and JSPP designs

DC1 DC2 JSPP1 JSPP2 JSPP3



� Figure 5.1 shows the empirical cumulative distribution functions of the pension ratio

for di�erent pairs of pension plan designs. A curve that lies further to the right

means that the DC design is more likely to deliver higher pensions at retirement

than the corresponding JSPP design. From Figure 5.1 (a), the DC plan following

the contribution patterns of JSPP3 shows less advantages than the DC plan following

the contribution patterns of JSPP1. In this sense, the rate stabilization structure has

secured the stylized JSPP both on the asset and liability sides. From Figure 5.1 (b),

available bene�ts increase if the DC twin is able to purchase his retirement annuity

at a better price.

� We can only compare expected discounted utility under the same contribution pattern.

Results in Table 5.2 panel (b) prove that a cheaper annuity at retirement leads to

welfare gains.

Table 5.2: Pension ratios and expected utility for di�erent DC and JSPP designs

(a) value-at-risk statistics

Mean SD
VaR Critical Value 1

50% 75% 90% 95% VaR
DC1 vs JSPP1 1:5857 0:5887 1:4762 1:1835 0:9637 0:8564 88:07%
DC1 vs JSPP2 1:5368 0:5709 1:4284 1:1485 0:9361 0:8260 86:23%
DC1 vs JSPP3 1:5124 0:5630 1:4104 1:1285 0:9181 0:8050 84:94%
DC2 vs JSPP1 1:8441 0:6669 1:7220 1:3880 1:1326 1:0070 95:28%
DC2 vs JSPP2 1:7873 0:6467 1:6670 1:3448 1:0999 0:9711 94:11%
DC2 vs JSPP3 1:7589 0:6380 1:6461 1:3240 1:0756 0:9480 93:25%
(b) expected discounted utility (salary scaled to 1/100,000)

Er � e(U)
DC1 -18.00
DC2 -9.43
JSPP1 -35.22
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Figure 5.1: Cumulative distribution functions for di�erent DC and JSPP designs ( x0)
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5.4 Numerical Results: Alternative Economic Condition

To answer the question of whether today is the right time to switch from a DC plan to a

JSPP, we investigate the case that the twins join the stylized plans when economic variables

are above their long-term means. Speci�cally, simulations of economic scenarios start from

a state as far from the long term mean as we are today, but in the opposite direction. More

precisely, we replace the time 0 state variable

x0 = � � (� � x0)

with

x0
0= � + ( � � x0) = 2 � � x0:

The resulting average normal costs and contribution rates are listed in Table 5.3 panels (a)

and (b). Value-at-risk statistics and expected discounted utility can be found in panels (c)

and (d). Figure 5.2 shows the empirical cumulative distributions of the pension ratios. Our

observations are as follows.

�





Figure 5.2: Cumulative distribution functions for di�erent DC and JSPP designs ( x0
0)
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the net value that each plan provides. Speci�cally, the methodology used in Hoevenaars and

Ponds (2008) and Lekniute at al. (2014) can be applied to estimate the value that market

participants may pay for the net bene�t stream, taking into account risks. This requires the

estimation of the market price of risk, which can be achieved by extending the VAR model

with an a�ne term structure model of interest rates (Cochrane and Piazzesi, 2005). The

resulting model, which we constrain to being arbitrage free, produces a stochastic discount

factor (or pricing kernel), which can be used to discount both future contributions and

bene�ts. In the rest of this chapter we outline how this could be implemented based on

Cochrane and Piazzesi (2005) and Hoevenaars (2008).

As suggested in Cochrane and Piazzesi (2005), the market prices of risk can be generated

in an a�ne model. In line with their VAR model which contains an intercept term, we

rewrite equation (2.1) as:

x t+1 � � = �( x t � � ) + P � t+1 ; (6.1)

and therefore,

x t+1 = ( I � �) � + � x t + P � t+1 ; (6.2)

and we use� = ( I � �) � . The state variables included in x t would need to be slightly

di�erent than described in Chapter 2. Stock return variables should be returns in excess of

the short term interest rate and represent only the price appreciation. The corresponding

dividend yields, considered as non-tradable assets on which the risk premium is zero, should

appear as separate state variables rather than being part of the total equity return.

The pricing kernel has the following form:

M t+1 = exp( � � 0 � � 1x t �
1
2

� T
t PPT � t � � T

t P � t+1 ); (6.3)

where M t+1 is the one-period stochastic discount factor, and� 0 + � 1x t is the short rate

which is a�ne in the state variables of the VAR. The innovation term � t+1 is the same as in

equation (6.2). To keep consistency between the VAR model and the pricing kernel, we let

~y1
t = � 0 + � 1x t . The �rst part of the stochastic discount factor, exp( � � 0 � � 1x t ), represents

the risk-free discount factor. The other component,exp( � 1
2 � T

t PPT � t � � T
t P � t+1 ), relates

shocks in the state variables to the pricing kernel. We use� t to represent the market price

of risk and assume it has the following form:

� t = � 0 + � 1x t : (6.4)

The vector � 0 accounts for the constant part of the risk premium, and the matrix � 1

accounts for time-variation. Since the market price of risk is the excess expected return

per unit of covariance, � t is strictly positive. If the state of the economy is such that the

market price of risk is high, the stochastic discount factor in (6.3) assumes a low value, all

other things being equal.
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The following section is in line with the description in Hoevenaars (2008). Asset pricing

theory states that the price of an asset (Pt ) is its expected discounted payo�:

Pt = E t (M t+1 X t+1 ); (6.5)

where X t+1 is the asset payo�. The price P (n)
t of an n-period nominal bond at time t has

the form of:

P (n)
t = E t (M t+1 P (n� 1)

t+1 ): (6.6)

At the same time, the bond price can be expressed as an exponential a�ne function of the

state variables in the VAR model. More precisely, bond prices are given by

P (n)
t = exp(An + B T

n x t ); (6.7)

and therefore, log bond pricesp(n)
t becomes a linear function of the state variables:

p(n)
t = An + B T

n x t : (6.8)

The scalar An and the vector Bn follow the di�erence equations:

An+1 = An + B T
n (� � PPT � 0) +

1
2

B T
n PPT Bn � � 0

B T
n+1 = B T

n (� � PPT � 1) � � 1

(6.9)

with A0 = B0 = 0 asp(0)
t = 0 . These di�erence equations can be derived by induction using

equation (6.8); see Appendix D for details. The equations above show that the constant

part of the risk premium � 0 in�uences An , and the time-varying component � 1 in�uences

Bn .



Once � 0 and � 1 are estimated, we can simulate the state variablex t as well as the

stochastic discount factor M t . Bond returns are calculated by equation (2.14), but the

projected log price p(n)
t is based on equation (6.10). The new performance criterion is the

expected stochastic present value of net bene�ts (ESPV), which is the market value at time

0 of bene�ts to be received from the plan less contributions to be paid to the plan, adjusted

for risk. More precisely, ESPV is the average of the stochastic present values determined

under each scenario:

SPV = CF0 +
r + l � e� 1X

t=1

h 12tY

h=12( t � 1)+1

M h

i
� CFt (6.11)

where M h corresponds to the one-month stochastic discount factor applicable to monthh

with h = 1 corresponding to January 2017 andt is measured in years. A positiveCFt means

a cash in�ow (the bene�t payment at time t), and a negative CFt means a cash out�ow

(contribution made at time t). Under our stylized JSPP and stylized DC plan, there are

only cash out�ows before retirement and only cash in�ows afterwards. A positive ESPV



Chapter 7

Conclusion

In this study, we compare the performance of two stylized pension plans: a DC plan based

on the Simon Fraser University pension plan for faculty members and a jointly-sponsored

pension plan replicating some features of the B.C. College Pension Plan. A VAR(1) model is

used to generate economic scenarios. We investigate pension ratios and expected discounted

utilities for a representative cohort. We also conduct analysis on alternative plan designs

and di�erent economic conditions to understand the two plans more comprehensively. We

�nd that the DC outcomes are volatile, but risk is mostly on the upside when contribution

rates mimic those under the JSPP. In terms of expected discounted utilities, the DC plan

wins even for a conservative member. In addition, the impact of smoothing mechanisms

under the JSPP is quite small. Finally, the DC plan would do even better if insurance

companies were subject to the same rates as pension plans and if simulations were started

in "opposite" economic conditions.

In designing our stylized DC plan and our stylized JSPP, we make some simplifying

assumptions. For example, expenses are completely ignored. In reality, the total cost of

investment management and pension administration for large public funds tends to be much

less than what DC plan members commonly pay. Another conservative assumption on the

stylized JSPP is that investment returns are based on an index, while actual public sector

pension plans o�er more e�cient and less volatile asset allocation strategies. In addition,

we focus on the guaranteed basic pension bene�t while conditional in�ation protection is an

important characteristic of JSPPs in general, and the College Pension Plan in particular.

Potential future work includes more sophisticated asset models, simulation of the In�a-

tion Adjustment Account, as well as the implementation of the market-value based perfor-

mance criterion described in Chapter 6.
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Appendix A

Membership of Stylized JSPP

The following three tables display membership information that we use to project the styl-



Table A.2: Active member data for the stylized JSPP

Male Female
Age Number Average Salary ($) Service Number Average Salary ($) Service

24 7 63; 059 0:1 11 36; 296 0:5
27 50 59; 443 0:7 113 60; 167 0:9
30 109 68; 065 1:5 181 66; 446 1:9
33 109 68; 065 1:5 181 66; 446 1:9
36 205 72; 709 2:9 317 72; 166 3:2
39 205 72; 709 2:9 317 72; 166 3:2
42 600 78; 185 4:4 843 76; 446 4:6
45 366 81; 332 6:3 497 78; 852 6:5
48 366 81; 332 6:3 498 78; 852 6:5
51 465 84; 675 9:5 533 81; 122 8:4
54 464 84; 675 9:5 533 81; 122 8:4
57 886 86; 612 11 1038 83; 193 10:8
60 1069 87; 697 12:3 985 82; 709 11:9

Table A.3: Pensioners data for the stylized JSPP

Annual Pensions ($)
Age Male Female

60 2,473,000 3,386,000
62 12,161,000 15,030,000
67 21,305,000 23,214,000
72 21,629,000 13,405,000







Appendix C

Amortization Method

As discussed in section (3.3.5), any unfunded liability is amortized over the next 5 valuations
(15 years). In the case of a surplus, only the surplus in excess of 5% of the net liability (the
"usable surplus") is amortized. We determine new minimum and maximum contribution
levels at each valuation. An increase of contribution rate is required if the contribution
rate established in the previous valuation is smaller than the new minimum contribution
rate. A reduction of contribution rate is approved if the contribution rate established in the
previous valuation is greater than the maximum contribution rate. The contribution rate
is unchanged otherwise.

Notations that are used in this section:

AVh : actuarial value of assets established in valuationh (at time 3h);

AL EAN
h : actuarial liability established in valuation h;

TSalh : total annual salaries in valuation h; equal to
X

x

X

k6 h

Salx;3h;k ;

Surph : surplus (unfunded liability) from pure assets in valuation h;

SPh;m : annual special payment �rst established in valuation h � m to amortize an unfunded

liability, and still applicable in valuation h; (m = 0 ; 1; 2; 3; 4);

Surp�
h : adjusted surplus, with present value of special payments being included as an

additional asset,

spr �
h : special payment rate fromSurp�

h in valuation h;

sprh : special payment rate fromSurph in valuation h;

cmin
h : the contribution rate arising after amortizing any usable surplus surplus over a 15-year

period,

cmax
h : the contribution rate arising after amortizing any usable surplus surplus over a 25-year

period,

c�
h : contribution rate before adding the non-negative constraint in valuation h;

ch : �nal contribution rate established in valuation h:
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When h = 0 ,
Surp0 = Surp�

0 = 0 ; (C.1)

SP0;0 = SP0;1 = SP0;2 = SP0;3 = SP0;4; (C.2)

ch = cNC
0 : (C.3)

When h = 1 ; 2; :::
Surph = AVh � AL EAN

h : (C.4)

If Surph > 0, the actuarial value of plan assets is enough to �nance future liabilities without
the need for any special payments in excess of the normal cost. We remove any previously
established special payments:

SPh;m = 0 ; m = 0 ; 1; 2; 3; 4; (C.5)

sprh = 0 : (C.6)



let the new special payment be

SPh;0 = �
Surp�

h

•a15jyV
h

; (C.14)

and continue the special payments established in prior valuations as original scheduled:

SPh;m = SPh� 1;m� 1; m = 1 ; 2; 3; 4: (C.15)

We convert these special payment amounts to rates of pay:

spr �
h = �

Surp�
h

•a15jyV
h

� TSalh
; (C.16)

sprh = sprh� 1 + spr �
h : (C.17)

The new contribution rate is then the normal cost rate plus the total special payment
rate including the newly established portion:

ch = max(cNC
h + sprh ; 0): (C.18)

� If Surp�
h > 0, the actuarial value of plan assets plus future special payments are



Appendix D

Recursive Bond Price

As in Ang and Piazzesi (2003), to derive the equations in (6.9), we �rst note that for a
one-period bond:

P (1)
t = E t (M t+1 )

= E t [exp( � � 0 � � 1x t �
1



Again, the normally distributed � t+1 implies that

E t

h
expf (B T

n � � T
t )P � t+1 g

i
= exp[

1
2

(B T
n � � T

t )PPT (B T
n � � T

t )T ]

= exp[
1
2

B T
n PPT Bn � B T

n PPT � t +
1
2

� T
t PPT � t ]

(D.5)

Taking (D.5) into (D.4), we get

P (n+1)
t = exp( � � 0 + An + B T

n � + ( B T
n � � � 1)x t +

1
2

B T
n PPT Bn � B T

n PPT � t )

= exp( � � 0 + An + B T
n � + ( B T

n � � � 1)x t +
1
2

B T
n PPT Bn � B T

n PPT (� 0 + � 1x t ))

= exp( � � 0 + An + B T
n (� � PPT � 0) +

1
2

B T
n PPT Bn + ( B T

n � � � 1 BTT� �


	

