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Here we derive a generalized thermodynamic length analy-
sis from linear response without resort to the assumption of
endoreversibility.

We assume a physical system in contact with a thermal
bath. The probability distribution over microstates x at
equilibrium is given by the canonical ensemble

�ðxj�Þ ¼ exp�½Fð�Þ � Eðx;�Þ�; (1)

where � ¼ 1=kBT is the inverse temperature T
of the environment in natural units, Fð�Þ �
�kBT ln

P
x expf��Eðx;�Þg is the free energy, and

Eðx;�Þ is the system energy as a function of the microstate
x and a collection of experimentally controllable parame-
ters � of the system. In the case of a gas confined to a
cylinder, a control parameter could be the position of the
piston imposing a particular accessible volume. For a
single macromolecule stretched between two optical traps,
the control parameter could be the distance between the
traps, imposing a harmonic energetic bias on the separation
of the optical beads, between which the macromolecule is
stretched. Control parameters can also represent collective
variables, order parameters, or reaction coordinates.

In equilibrium, the macroscopic state of the system (the
probability distribution over microstates) is completely
specified by values of the control parameters, but out of
equilibrium the system’s probability distribution over mi-
crostates fundamentally depends on the history of the
control parameter �, which we denote by the control
parameter protocol �. We assume the protocol is suffi-
ciently smooth to be twice time differentiable.

As formulated, this driving by a time-dependent
Hamiltonian can model a nonequilibrium steady state in
the rest frame of a constantly translating potential [14



P exðt0Þ ¼ �

�
d�T

dt

�
t0

�
Z t0

�1
dt0

d�ð�ðt0ÞÞðt0 � t0Þ
dt0

� ½�ðt0Þ � �ðt0Þ�: (8)

Integration by parts gives

P exðt0Þ ¼ �

�
d�T

dt

�
t0

�
Z t0

�1
dt0�ð�ðt0ÞÞðt0 � t0Þ �

�
d�

dt

�
t0
;

(9)

where the boundary term at t0 ¼ t0 vanishes trivially,
and the one at t0 ¼ �1





Under the optimal protocol, the trap center and inverse
square root of the spring constant each change at a constant
rate, independent of time. This corresponds to changing the
equilibrium mean and standard deviation of position at a
constant rate.

Seifert and coworkers elegantly derived the exact opti-
mal protocols for perturbing the position and spring
constant separately, for both over-damped [35] and
under-damped [36] Langevin dynamics. Their analysis
found optimal protocols similar to ours but with discrete
control parameter jumps at the beginning and end of the
protocol (though these jumps are smoothed to boundary
layers under regularization that penalizes acceleration
[37
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